Abstract. Consider a hypersurface M n in R n+1 with n distinct principal curvatures, parametrized by lines of curvature with vanishing Laplace invariants.
Introduction
A hypersurface M is said to be Dupin if each principal curvature is constant along its corresponding surface of curvature. The Dupin hypersurface M is said to be proper if the number g of distinct principal curvatures is constant on M . The class of Dupin hypersurfaces is invariant under Lie transformations [9] . Therefore, the classification of Dupin hypersurfaces is considered up to these transformations. The local classification of Dupin surfaces in R 3 is well known. Pinkall [8] gave a complete classification up to Lie equivalence for Dupin hypersurfaces M 3 ⊂ R 4 , with three distinct principal curvatures. Pinkall [7] proved that proper Dupin hypersurfaces M n with g ≥ 3 that are Lie equivalent to isoparametric hypersurfaces cannot be parametrized by lines of curvature. Niebergall [5, 6] and more recently Cecil and Jensen [1] studied proper Dupin hypersurfaces with four distinct principal curvatures and constant Lie curvature (see [4] ). Riveros, Rodrigues and Tenenblat [11] studied a class of proper Dupin hypersurfaces M n in R n+1 parametrized by lines of curvature, with n distinct principal curvatures and constant Möbius curvature. They then showed that for n ≥ 3 the principal curvatures of such hypersurfaces are functions of separated variables and for n ≥ 4 proper Dupin hypersurfaces M n in R n+1 with n distinct principal curvatures and constant Möbius curvature cannot be parametrized by lines of curvature.
A known result is that in a proper Dupin hypersurface the lines of curvature are circles or straight lines, in both cases the lines of curvature are planar. In this paper, we ask if there exist other hypersurfaces that cannot be parametrized by lines of curvature (aside from the afore-mentioned proper Dupin hypersurfaces M n in R n+1 with n distinct principal curvatures and constant Möbius curvature and those that are Lie equivalent to isoparametric hypersurfaces). The study of the class of hypersurfaces whose lines of curvature are planar and the class of hypersurfaces whose principal curvatures are functions of separated variables is motivated by the results above.
The results presented here are based on the theory of higher-dimensional Laplace invariants introduced by Kamran-Tenenblat [2] - [3] . In [10] , Riveros and Tenenblat used the Laplace invariants to obtain a characterization of Dupin hypersurfaces in R 5 , parametrized by lines of curvature and with four distinct principal curvatures.
This paper is organized as follows. In Section 2, we give some properties of hypersurfaces parametrized by lines of curvature, with distinct principal curvatures. Section 3 is devoted to showing our main results on classes of hypersurfaces M n in R n+1 , parametrized by lines of curvature with n distinct principal curvatures and vanishing Laplace invariants.
Preliminaries
Let Ω be an open subset of R n and x = (x 1 , x 2 , . . . , x n ) ∈ Ω. Let X : Ω ⊂ R n → R n+1 , n ≥ 3, be a hypersurface parametrized by lines of curvature, with distinct principal curvatures λ i , 1 ≤ i ≤ n and let N : Ω ⊂ R n → R n+1 be a unit normal vector field of X. Then
where the subscript ,i denotes the derivative with respect to x i . Moreover,
where Γ k ij are the Christoffel symbols. From (3) we have
The Christoffel symbols in terms of the metric (1) are given by
where i, j, k are distinct.
We now consider the higher-dimensional Laplace invariants of the system of equations (3) (see [2] - [3] for the definition of these invariants)
As a consequence of (4) and the un-numbered lemma appearing in [3] , we obtain the following identities, valid for distinct i, j, k, l, 1 ≤ i, j, k, l ≤ n:
From (2) and (6), we obtain
The Gauss equation for the immersion X is given by (10)
For hypersurfaces with distinct principal curvatures, the Möbius curvature is defined, for distinct i, j, k, by
Since all λ i are distinct we conclude that C ijk = 0 and C ijk = 1. Möbius curvatures are invariant under Möbius transformations.
The following result extends Lemma 3.2 in [11] for hypersurfaces parametrized by lines of curvature.
, be a hypersurface parametrized by lines of curvature, with distinct principal curvatures λ i , 1 ≤ i ≤ n. Then the Möbius curvatures are constants if and only if
Proof. Let i, j, k and s be distinct. We consider the Möbius curvature
. By differentiation we obtain
Therefore, the Möbius curvature is constant if and only if C ijk ,i = 0 and C ijk ,s = 0. These two equations are equivalent to the conditions (12) and (13). Observe that the equations
Remark 2.2. It follows from Lemma 2.1 that, for Dupin hypersurfaces parametrized by lines of curvature, the condition of having constant Möbius curvature is equivalent to having all higher dimensional Laplace invariants equal to zero.
The following proposition characterizes the hypersurfaces parametrized by planar lines of curvature. 
Using (9) in (16) we obtain (17)
Taking the derivative of (17) with respect to x i we have (18)
Using (2), (3), (6), (7) and (9) in (18), we have (19) Substituting (15), (17) and (19) in (20) we have
The equation (21) is equivalent to the system 
Therefore, in both cases α i,i , α i,ii and α i,iii are linearly dependent. Hence, the lines of curvature α i are planar.
We further need the following result. (10), we obtain (27) Γ
From (27) and the fact that m jis = 0 we obtain
From (28) we get λ i = 0, which is a contradiction. Therefore, λ i,i = 0, ∀ i and M n is Dupin. Now Remark 2.2 implies that M n has constant Möbius curvature, which is a contradiction, since we know that there are no Dupin hypersurfaces parametrized by lines of curvature with constant Möbius curvature (see Theorem A in [11] ).
(ii) Using a similar argument, we may show that M 3 is Dupin. Remark 2.2 then implies that M 3 has constant Möbius curvature. The result then follows from [11] (see Theorem B).
Remark 2.5. From the second equation of (8), we obtain that if m kji = 0, ∀ i = j = k then m ij = 0, ∀ i = j.
Main results
The following theorem characterizes a class of hypersurfaces M 3 ⊂ R 4 , with three distinct principal curvatures at each point, parametrized by planar lines of curvature and vanishing Laplace invariants, in terms of the Dupin hypersurfaces with constant Möbius curvature. Conversely, if M 3 is Dupin with constant Möbius curvature then all higher dimensional Laplace invariants are equal to zero, i.e., m ij = m kji = 0 for all distinct i, j, k ∈ {1, 2, 3} (recall Remark 2.2). Therefore (14) is satisfied by the lines of curvature of M 3 , i.e., the lines of curvature are planar. (i) m kji = 0 for all distinct i, j, k ∈ {1, 2, 3} and (ii) there exists functions of separated variables {f ir } 3 i,r=1 so that λ i = 3 r=1 f ir (x r ). Proof. We observe that (4) and (7) yield
Moreover, using (4), (5) and the fact that m ijk = 0, we obtain (33) λ i,jk = 0, 1 ≤ i = j = k ≤ 3.
It follow from (32) and (33) that λ i = (ii) Theorem 3.3 implies that M 3 is Dupin with constant Möbius curvature. The result then follows from [11] (see Theorem B).
